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von Neumann $N$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$ $\beta$
:
$Aut(N,\beta)=\{\alpha\in Aut(N):\alpha 0\beta_{9}=\beta_{9}0\alpha, g\in \mathbb{Z}^{2}\rtimes SL(2,Z)\}$ . (1)




von Neumann AFD $II_{1}$ $R$ $X$
$L^{\infty}(X)$
Theorem2
$H$ $L^{\infty}(X)$ $\mathbb{Z}^{2}\rtimes SL(2, Z)$
$\beta$ Aut(H)( $H\rtimes Aut(H)$ )
AFD $II_{1}$ $R$ $n$
$R$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$ $\mathbb{Z}/n\mathbb{Z}$
\copyright Bernoulli shif
Bernoulli shift $\beta(H,\mu, \chi)$ $H$ 2-
\mbox{\boldmath $\mu$} $\chi$ $(H, \mu, \chi)$ $Z^{2}\rtimes SL(2, \mathbb{Z})$
von Neumann $N(H, \mu)$ $(H, \mu)$
von Neumann $N(H, \mu)$ von Neumann –\otimes Z2 $L_{\mu}(H)$ $\hat{H}$
$L_{\mu}(H)$ $H$ 2- $\mu$
von Neumann $N(H, \mu)$ von Neumann :
$\Lambda(H)=\{(f_{k})_{k\in \mathbb{Z}^{2}}\in\oplus_{Z^{2}}H;\Sigma_{k\in Z}f_{k}=0\}$. (2)
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$\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$ $N(H, \mu)$ $\beta(H, \mu, \chi)$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$ $\mathbb{Z}^{2}$
Bernoulli shift $\chi$ “ ”
[Sa]
Bernoulli shift $\beta(H_{a}, \mu_{a}, \chi_{a})$ $\beta(H_{b}, \mu_{b}, \chi_{b})$
$*$- $H_{a}$ $H_{b}$
Bernoulli shift
Theorem 1. $i$ $a$ $b$ $(H_{1}, \mu_{i}, \chi_{t})$
2- Bemoulli sh
$\beta_{a}=\beta(H_{a}, \mu_{a}, \chi_{a})$ $\beta_{b}=\beta(H_{b}, \mu\iota, \chi_{b})$
$H_{a}$ $H_{b}$ $\phi$ :
$\overline{\mu_{a}(h,g)}\mu_{a}(g, h)$ $=\overline{\mu_{b}(\phi(h),\phi(g))}\mu_{b}(\phi(g),\phi(h))$ ,
$\chi_{a}(g)^{2}$ $=\chi_{b}(\phi(g))^{2}$ , $(g,h\in H_{a})$ .
Bernoulli shift
$\beta(H, \mu, \chi)$ $N(H, \mu)$
Theorem 1
Theorem 2. von Neumann $N=N(H, \mu)$ Bemoulli $sh$
$\beta=\beta(H, \mu, \chi)$ $Aut(N, \beta)$
$Aut(N,\beta)=\{\alpha\in Aut(N):\alpha\circ\beta_{g}=\beta_{9}\circ\alpha, g\in \mathbb{Z}^{2}\rtimes SL(2,\mathbb{Z})\}$.
:
$Aut(N,\beta)$
$\underline{\simeq}$ $\{\phi\in Aut(H):\chi^{2}\circ\phi=\chi^{2},\mu^{*}\mu(\phi(g), \phi(h))=\mu^{*}\mu(g, h), (g, h\in H)\}$ .
$\mu^{*}\mu(g, h)=\overline{\mu(h,g)}\mu(g, h)_{\text{ }}$
















Corollary 3. $H\neq\{0\}$ $X$
$\mathbb{Z}^{2}\rtimes SL(2, Z)$ - $\beta$ :
$Aut(L^{\infty}(X),\beta)\cong Aut(H)$ .
$(H, \mu, \chi)$ $(H, 1,1)$ $N(H, \mu)$ non-atomic von Neumann
Theorem 2 Bernoulli shift $\beta(H, \mu, \chi)$
$Aut(H)$
Corollary 4. $H$
$X$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$- $\{\beta_{l} ; t\in(0, \pi/2)\backslash \mathbb{Q}\pi\}$
:
$Aut(L^{\infty}(X),\beta_{t})\cong H\rtimes Aut(H)$ .
$t$ $(0, \pi/2)\backslash$ $(H\oplus \mathbb{Z}, 1,1xe^{it})$
Bernoulli shift A Theorem 2
$H\rtimes Aut(H)$ $\{\beta_{t}\}$
Theorem 1
Corollary 5. $X$ $\mathbb{Z}^{2}\rtimes SL(2, Z)$ -
$\{\beta_{t} : t\in[0, \pi/2)\}$ :
$Aut(L^{\infty}(X),\beta_{t})=\{id\}$ .




Corollary 6. $q$ $H_{q}$ $(\mathbb{Z}/q\mathbb{Z})^{2}$ 2- $\mu_{q}$
$\chi_{q}$
$\mu_{t}$ ( $(\begin{array}{l}kl\end{array})$ , $(\begin{array}{l}mn\end{array}))=e^{\frac{kn}{q}2\pi i}$ , $\chi_{q}((\begin{array}{l}kl\end{array}))=e^{\frac{h}{q}2\pi i}$ , $k,l,m,n\in Z/q\mathbb{Z}$
$N(H_{q}, \mu_{q})$ AFD $II_{1}$ $R$
$Aut(R,\beta(H_{q},\mu_{q}, \chi_{q}))\cong \mathbb{Z}/q\mathbb{Z}$.
Corollary 7. $R$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$ - $\{\beta_{t} : t\in(0,\pi/2)\backslash \mathbb{Q}\pi\}$
:
$Aut(R,\beta_{t})=\{id\}$ .
$t$ $(0,\pi/2)\backslash$ $(Z^{2}, \mu_{t}, \chi)$
Bernoulli shift A $\mathbb{Z}^{2}$ $\chi$ 2-cocycle $\mu_{t}$
:
$\mu_{q}((\begin{array}{l}kl\end{array}),$ $(\begin{array}{l}mn\end{array}))=e^{il(kn-l\mathfrak{n})}$ , $k,l,m,n\in \mathbb{Z}$ .
$\mathbb{Z}^{2}$ $\chi^{2}$ id Theorem 2
$t$ A id $\{\beta_{l}\}$
Theorem 1
\copyright 1-
von Neumann w-rigid (Kazhdan
(T) ) Bernoulli shift
( [Po] ) (T)







1- $\{w_{9}\}_{g\in Z^{l}xSL(2,Z)}\subset N(\mathbb{Z}, 1)$ $\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$
Corollary 6 von Neumann
AFD $II_{1}$ malleability 1-
98
$\mathbb{Z}^{2}\rtimes SL(2, \mathbb{Z})$
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